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Outline of the Talk

m Disclaimer
m Context : At the interface of two modeling paradigms

What is a physics informed neural network ?

m Some examples + a minimal working Pytorch code

m Some Theoretical Results :
Approximation, Quadrature, Training errors

m Some tricks and Techniques to get it to work,

1/43



Context



Two modeling paradigms
Physical modeling

e based on deep
understanding of
system,

e stems from first
principles (PDEs),

o difficult to solve,

e not made to scale with
data,

Statistical modeling

e little prior information,

e knowledge is extracted
from data,

e very simple to develop,

e scales very well with
data.
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Combining both Paradigms

Physics-Informed Machine Learning

e leverage prior information + extract knowledge from data,
e make the best of both worlds?

Challenges :
e develop fast surrogate models,
e augment physical models,

e handle partial information or observations, etc...




Combining both Paradigms

Physics-Informed Machine Learning

e leverage prior information + extract knowledge from data,
e make the best of both worlds?

Challenges :
e develop fast surrogate models,
e augment physical models,

e handle partial information or observations, etc...

Physics-Informed Neural Networks

e Started with Lagaris et al. [1998], popularized by
Raissi et al. [2019]

e Combines PDE and NN through the loss function,
e Made to solve forward + inverse problems,
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As of 2021..

Sampled Problems

NSE+HE
Feu=10
3. + (UsV)u =-Up + (ReJ'V?u + (Ri)I
38 + (u=V)8 = (Pe)'V8 ~1300 papers

NSE
Veu=20
i + (ueV)u = -Vp + (Re)?V3u

U + Bau=0

SE

igh + 0.58,,h + [hf?h =0

~30 papers

Figure 1 — From Cuomo et al. [2022]
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What is a Physics-Informed
Neural Network 7



What is a Physics-Informed Neural Network ?

Partial Differential Equation Deep Learning

m ug is a Neural network,
m loss function £(0)
w01 =0k —nVL(Ok)

Physics-Informed Neural Networks [Raissi et al., 2019]

m Neural network up 1 Q — RY,
x > up(x)

£0) = [ 1D@)() - FPax + A~ [ [B(un)) P,
Ja Blol

m D(up) computed from Jac,(ug), Hessy(up) using autograd,

m £(0) minimized using SGD and variants,

If £(0) = 0 then ug is solution of the PDE.
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A minimal Example : Solving the 2d-Heat Equation

Monte-Carlo approximation of £(6) :
2

A ou 02u
L(0) ZZ ‘E):(Xi» ti) — Dan(Xa ti)

- /\<Z ug(x = 0, 1) [?

tj

+ ) fup(x =0, 1)
tj

+ Z lug(x;,t =0) — sin(x/)|2>

x|

du 0?u

2t = P2 x €]0, x|, t €]0, 1],
u(x=0,t) =0, t €0,1],
u(x=m,t) =0, t €[0,1],

u(x,t=0) =sin(x), x € [0,n].

6/43



A minimal Example : Solving the Heat Equation

import terch

= torch.linspace(®, torch.pi, 58, requires_grad=True)
= torch.linspace(@, 1, 50, requires_grad=True)

. t = torch.meshgrid(x, t, indexing="ij")

= x.reshape(-1, 1)

= t.reshape(-1, 1)

T

mlp = terch.nn.Sequential(
torch.nn.Linear(2, 18,
torch.nn.Tanh(),
torch.nn.Linear(18, 28),
torch.nn.Tanh(),
torch.nn.Linear(26, 1),
)
optimizer = torch.optim.Adam(list(mlp.parameters()), Lr=0.05)

def dy_dx(y, x):
return torch.avtograd.grad(
¥, ¥, grad_outputs=torch.ones_like(y), create_graph=True
el

for 1 in range(1568):

x = torch.rand(308, 1, requires_grad=True) = torch.pi ]

stributed valves in [0, pi
L

es in [8, 1]

t = torch.rand(308, 1, requires_grad=True) #
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A minimal Example : Solving the Heat Equation

for i in range(1500):

x = torch.rand(388, 1, requires_grad=True) * torch.pi
nifor

t = torch.rand(3088, 1, requires_grad=True) # y distributed volues in [8, 1

catenate x and t for input to the

inputs = torch.cat([x, t], dim=1)

u = mip(inputs)

u_t = dy_dx(u, t)
u_x = dy_dx(u, x)
u_xx = dy_dx(u_x, x)

undary ¢
residval_init = mlp(torch.cat([x, torch.zeros_like(t)], 1)) - torch.sin(x)
residval_bdyl = mlp(torch.cat([torch.zeros_like(x), t1, 1))

residval_bdy2 = mlp(torch.cat([torch.ones_like(x) * terch.pi, t], 1))

alcu

ion

residual_pde = u_t - u_xx

Tloss = ((residual_pde *x Z).mean() +
(residval_init #+ 2).mean() +
(residual_bdyl % 2).mean() +
(residual_bdy2 *% 2).mean(})

optimizer.zero_grad()
loss. backward ()

optimizer.step()
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A minimal Example : Solving the Heat Equation

NN Solution u(x, t) Analytic Solution u(x, t)

0.0 A A

0 200 400 600 800 1000 1200 1400
Number of epochs
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A note on computing derivatives with autograd

Naive autodiff scales exponentially in compute + memory in order of
derivative.
Faster alternatives e.g.

m Taylor Mode autodiff in jax,
m finite differences,

m Hutkinson Trace Estimation,
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Burgers' Equation [Raissi et al., 2019]

Ur + Uty — (0.01/mMug =0, xe[-1,1), te][0,1],

u(0, x) = —sin(mwx),
u(t,-1)=u(t,1)=0.

M. Raissi et al. / Journal of Computational Physics 378 (2019) 686-707

0.75

ult, z)
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0.5 0.50
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=0.25
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x x x

= Exact

= = Prediction
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Inverse problems [Raissi et al., 2019]

Problem : Navier-Stokes equation, recovering parameters from data

Ut + Aq (Uil + VUy) = —Px + Ao (U + Uyy),
Ve+ A(uvy+vvy) = —py 4+ Aa(Vix + Vyy),

Here, A1, Ao and p are the unknowns. 1% of the data used, added noise.

M. Raissi et al. / Journal of Computational Physics 378 (2019) 686-707 695
) Predicted pressure 5 Exact pressure

1.4 0.0
1 13 1 -0.1
= 0 12 5 —0.2
1.1 —~0.3
-1 1.0 -1 —0.4
3 0.9 2 0.5

2 4 6 8 2 LS 6 8
£ 3

g+ (vt +vuy) = —pe + 0.01{tes + Uyy)

vy + (uvy + vvy) = =py 4+ 0.01{ve, + v,,)
e+ 0.999 (s + vi,) = —pg + 000047 (s + 1)
v+ 0.999(uv, + vv,) = —p, + 0.01047 (V0 + vy, )
wy + 0998wty + vuy) = —po + 0.01057(wry + uyy)
e+ 0.998(uv, + vv,) = —py + 001057 (vas + vy}

Correct PDE

Identified PDE (clean data)

Identified PDE (1% noise)
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Pros and Cons of Physics-Informed Neural Networks (PINNs)

Pros

Mesh-free,

solve forward and inverse
problems jointly,

Works for messy problems
where observational data
available,

Tractable, analytical gradients,

Does not require data,

Cons
m Computational cost,
m Hard to optimize in practice,

m May require significant
tweeking,
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Theoretical Analysis



What we want to minimize :

Closeness to Solution :  £(0) = |jug — ul|,

What we would like to minimize :

Quadrature Error :  E¢(0) = ||D(ug) — ||

What we can compute :
1
P

N
Training Error : E7(0) = (Z |D(ug)(x;) — f(Xi)|p>
i—1

Questions :

Can we find uy such that residual Eg is small?

B Does a small Training Error £1 imply small error £7
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Question 1 : Can we find ug such that Residual £¢ is small ?

€6(0) := | D(ug) — fll,
= [ID(ug) = D(u)ll

< Code(u, ug)||ug — ufl wer

Universal Approximation Theorem (De Ryck et al. [2021])

30 such that ||ug — uljws=r < €

m So then given f is smooth enough, Eg(0) < €

m applies for linear PDEs,

m nonlinear PDEs where u and its derivatives are bounded [Ryck and
Mishra, 2024],
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Question 2 : Does a small Training Error £1 imply small £7

Coercivity © [y — ullp < Coaelu, u0) | D(us) — D(w),

Coercivity bounds residual E¢ () :

E(0) < Coae(u, up)D(ug) — D(u)llp
< Gode(u, ug) | D(ug) — £l
< dee(u7 Ua)gc(e)

Bounds with Training error :
Ec(0) < E7(0) + Cquad(ug-)? N~
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Question 2 : Does a small Training Error £1 imply small £7

Coercivity © [y — ullp < Coaelu, u0) | D(us) — D(w),

Coercivity bounds residual E¢ () :
E(9) < Code(u, ug)

S dee(u7 UO)
< Cpde(u, ug)Ec (0

~

Bounds with Training error :
Ec(0) < E7(0) + Cquad(ug-)? N~

m £(0) bounded by function of E1(6)
m Generic strategy to obtain bounds, applicable in many cases,
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Question 2 : Does a small Training Error £1 imply small £7

Coercivity © [y — ullp < Coaelu, u0) | D(us) — D(w),

Coercivity bounds residual E¢ () :
E(9) < Code(u, ug)

S dee(u7 UO)
< Cpde(u, ug)Ec (0

~

Bounds with Training error :
Ec(0) < E7(0) + Cquad(ug-)? N~

m £(0) bounded by function of E1(6)
m Generic strategy to obtain bounds, applicable in many cases,
m Caveats? Not informative if :

m PDE constant is large Cpqe,
m n? collocation points small, or training err. large
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Training Error ?

So far we have seen :

m There exists a network s.t. residual error is small,

m Small training residual implies small overall error,

But can £7(#) be made small in practice ?
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Difficulties in training PINNs

Example :
Linear transport equation

(on periodic domain)

u + Bu, =0

For large 3 :

m Training difficulties

m Collapse to trivial solution

t
(b) PINN solution for 8 = 50

|

t
(j) Exact solution for 8 = 70 (k) PINN solution for 8 = 70

Krishnapriyan et al. (2021). Characterizing

possible failure modes in physics-informed

neural networks.
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Tricks and techniques to get it to work

Curriculum Learning,

Domain decomposition, sequential learning,

Fourier Features,

Quasi-Second Order-like optimizers e.g. Adam, LBFGS
More techniques here : Wang et al. [2023]
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Curriculum Learning

~=-Regular training =+ Curriculum training

Lo
075
050
02
000
025
050

075

100

Tralming duration
(a) Curriculum (b) Regular training PINN solution
regularization schematic Jor B =30

»
t

(¢) Curriculum training PINN
solution for 8 = 30

Loo
075

050

100
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Sequential Learning

S T R R % g o X e
i *xx;ﬁm‘“'i it e S g W
I B T %x‘& b S %
S o r T O TR L
A )‘ Xxx&xx :; % x’éfix L ;R;,‘; "”;x:xx"x of %
B T A S L Py ol
Lol R SR x)();X‘KY( ;;: X o 1
Xx * x X x X% x
S gk iy DR B o
o e U Lo L 2%
2 5 e LELE : &Xx:};x n Ak i@:&x&x‘x Q&xﬁ
B ok "“;"‘%W I o B X X Bl
PN ok s L e P 9
AT T 5*.3&%*’%&;&2 N
0.0 . 0.2 0.4 0.6 0.8 1.0 At 2At 3At 4AL 5At  BAt At  BAt  9At  10At
t
(a) Regular PINN training (b) Seq f q I} ing (model
trained every At)
x  Initial condition points x  Boundary points x  Collocation points

m Similar results to curriculum learning,
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Fourier Features

Fourier feature mapping: simple 2D example
r(x)
sin(b[x) b cos(b]x)
sin(b; x) cos(b)x)

X
X .:| sin(b]x) ' cos(bIx)

X sin(by,_,%) . cos(by_,X)
sin(by_,x) cos(by_;X)
. sin(b}x) E E cos(byx)

0 1
Figure 2 — From Tancik et al. [2020]

Fourier features

First layer transforms coordinates x :
v(x) = [cos(by x),sin(by x), ..., cos(b, x),sin(b,y x)], bj ~N
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Fourier Features

Fourier feature
mapping
_bl‘l bI,Z—

by, by, [x]
b3,l b3.2 Y
by,

sin

l
1

r
s

_bl.l bl,Z_

by by, [x]
b3,l b3,2 Y

_b4,l b 4.2 |

cos

N

Entries of B matrix
sampled randomly

00000000

Figure 3 — From Tancik et al. [2020]
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Fourier Features

No Fourier Features

With Fourier Features

3D Shape 3D NeRF

Figure 4 — From Tancik et al. [2020]

24/43



Fourier Features

No Fourier Features

With Fourier Features

3D Shape 3D MRI 3D NeRF

Figure 4 — From Tancik et al. [2020]

m All these tricks are not really understood,

m In order to understand these tricks & training errors we need to
understand training,

m But analyzing NN training is very difficult...
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Analysis of Training

In a simplified setting
[Ryck et al., 2024]



Linear PDE

mDu)=Ff, x€Q
m B(u)=0, x€09Q,  D,B linear operators

Simplified ansatz

moup(x) =D Okdu(x)

m can be extended to NNs

Will make training dynamics tractable,

m The following is informal, but made formal in [Ryck et al., 2024]

25/43



Working Example

Poisson’s Equation with zero BC

u”(x) = —k?sin(kx),
u(—m) =0, u(r) = 0. (1)

The solution is given by u(x) = sin(kx).

Lppe = Ly, + M\ec, Le., / |u )+ k? sin(kx) ’ dx,

Lec = % [U‘g(fﬂ')z + Ua(ﬂ')Z] .
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Working Example
Fourier Features Ansatz up : Q2 — R
Z Okdr(x),  do(x) = . ;
k=—K \/ﬂ
d—k(x) = % cos(kx), ¢k(x) = %sin(kx) for 1 < k < K.

Gradient Descent Equations

0141 =6, —nVeL(0))
= 9/ - TIVH('CRes + /\'CBC)(G/)
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Working Example : Calculating the Gradient

VoLow = Vo [ D)) = F() b

= [ Voup(x)D*(D(up)(x) — f(x)) dx

Q
D) =(d—k(x), s ok (x)) T 6(x)T-0
——
:/ Voug(x) D*D( “up )(x) —(b(x)TD*f(x) dx
Q ——
indep. of 0
= / d(x)D*De(x) " fdx + constant
Q
_
dx4
= / D*D p(x) " d 0 +constant
= A o(x) o(x) " dx constan

vector of size 2K+1

=: ARes, an (2K+1)x(2K+1) matrix
= ARes * 0 + constant
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Working Example : Calculating the Gradient

1 K
VoLe., :VOE/Q\DU up(x) = Z O di(x)
k—=—
= [ Voup(x)1
Q
A(X):=(d_k(x), ey (X)) T ()T -0
:/ Voug(x) D*D( “up )(x) —(b(x)TD*f(x) dx
Q %/_/
indep. of 0
= / d(x)D*De(x) " fdx + constant
Q
_A
dx4
= / D*D p(x) " d 0 +constant
= g o(x) o(x) ' dx constan

vector of size 2K+1

=: ARes, an (2K+1)x(2K+1) matrix
= ARes * 0 + constant
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Working Example : Calc

4
_ 4
s cos(kx) = k" cos(kx)
VoLle.. =V 1/ |D(1
0% Ren 73 Q (-K)* 0 -~ 0 0
= VQUQ(X)Z 0 0 0
Q
B():=(d_x ARes = 0 0* 0
—
= / Vi 0o 0 0
Q
| O 0 0 K4_
= [ ¢(x)D*D
Q
_a
dx4
_ * T
= QQS(X)D D o(x) ' dx 0 +constant

vector of size 2K+1

=: ARes, an (2K+1)x(2K+1) matrix
= ARes * 0 + constant
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Computing the Gradient

So :

=:ABc, rank-1 (2K+1)x(2K+1) matrix
—

VoLec(0) = H(x)p(x) " 0= Agc -0

=A
Vo(L(0)) = (Ares + Mg )0 + constant

0 -+ 0 0 ¢k (m)
0 0 :
0* 0 | +)| go(m) | [pon(m), - ox(m)]
0 0 :
0 0 K* | k()

29/43



Convergence of Training

Gradient Descent Equations

0111 =0, —Vo(La, + AL)O) =|1—-7m _A 0 + constant
ARes+AABC

30/43



Convergence of Training

Gradient Descent Equations

0141 =0 —nVo(Le, + Lo )(0) = (I -n _A ) 0; + constant
ARrestAABC

Convergence rate

Let 0 < ¢ < 1 and let A be invertible with condition number x(A),
K(A) = Amax(A)/Amin (A)- (2)
Set 7 = ¢/Amax(A). Then,

16/ = 6%l < (1 = ¢/~(A))" 60 — 6% 2. 3)
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Convergence of Training

Gradient Descent Equations

0141 =0 —nVo(Le, + Lo )(0) = (I -n _A ) 0; + constant
ARrestAABC

Convergence rate

Let 0 < ¢ < 1 and let A be invertible with condition number x(A),
K(A) = Amax(A)/Amin (A)- (2)
Set 7 = ¢/Amax(A). Then,

16/ = 6%l < (1 = ¢/~(A))" 60 — 6% 2. 3)
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Convergence of Training

Gradient Descent Equations

0141 =0 —nVo(Le, + Lo )(0) = (I -n _A ) 0; + constant
ARes+AABC

Convergence rate

Let 0 < ¢ < 1 and let A be invertible with condition number x(A),
K(A) = Amax(A)/Amin (A)- (2)
Set ) = ¢/Amax(A). Then,
16 = 67|z < (1 = ¢/~(A))" (|60 — 6"]|2- (3)

Corollary

For [|6; — 6*[|]2 < € you need O (r(A)In1) GD steps .
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Convergence rate, Working example

(-K)* 0 0 0 ¢—k(m)
0 0 0 :
A= o % 0 | +2| dolm) | [oon(m) -\ é(m)]
0 0 0 :
0 0 0 K* | dx(m)
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Convergence rate, Working example

(-K)* 0 0 0 ¢—k(m)
0 0 0 :
A=1| 0 0* 0| +A| ¢o(nm) —k(m), -, d’K(ﬂ—)}
0 0 0 :
0 0 0 K* | k(7) |

m In the zero-BC Poisson case, x(A) > K4,
m if 500 steps required for K =5, roughly, 312 500 steps for K = 25.
m this is only for Poisson.. what about other (linear) PDEs?
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The general Linear setting

Linear PDE

mDu)=Ff, xeQ
m B(u)=0, xe€09Q, D,B linear operators

Omitting boundary loss for simplicity (studied in paper), GD dynamics :
~ [ #(x)D*D(x) " dx

—~~
0141 =0, —nVeLl = (1 —n A )-9/ + constant
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The general Linear setting

Linear PDE

mDu)=Ff, xeQ
m B(u)=0, xe€09Q, D,B linear operators

Omitting boundary loss for simplicity (studied in paper), GD dynamics :
~ [ #(x)D*D(x) " dx

PNy
0141 =0, —nVeLl = (1 —n A )-9/ + constant

Operator Perspective

K( / #(x)D*D(x) " dx) > K(DD o T)
Q
m Hermitian-squared operator D*D, e.g. for Poisson A2 = Ao A
Kernel integral operator 7 [f](x) := / f(y)o(x) " é(y)dy

In particular, .7 = Id if {¢«}« orthonormal basis (if input in span)

conditioning essentially governed by conditioning of D*D
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Back to the Poisson equation Example

o
m

= v’ (x) = —k?sin(kx),
u(—m) =0, u(r) =0.

Ne of Fourier Features vs Condition Number

1I_(§)7ss vs Epochs for Different N2 of Fourier Features

10° N Fourier Feats.
— 5
a®
" — 15 103 -
g 10° . — 25
£ . — 35 1071 -
2 — a5
= o
g — 55 g 107 -
s a s
£ —— 65
g 102 75 107° -
© 85
o5 10-13 -
M No Precond. 10717 - i
® Precond. 0 50 100 150 200
N2 of Fourier Features Epochs

Observation : x(A) ~ K*
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Linear advection equation with Fourier basis model

PDE : u; + Buy, =0 on [0, T] x [0,1] with ug = sin and periodic BC

106 B vs Condition Number 8 108 Loss vs Epochs for Different g
: : — 6n
— 121 10% -
] H [ ] — 181
210w — 24n 100 -
2 : — 301 "
s — 36n g 107~
= - — 421
5102 ¢ .
- —— 481 107° -
© ' 54m
60m 1079 -
10°
i M No Precond. 1072 i i i i
5 10 15 20 25 30 ® Precond. 0 50 100 150 200
B Epochs
i, W,

Observation : x(A) ~ §° W////M _:

[y ——

I
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What about neural networks ?

K
So far the theory holds for the ansatz uy(x) = Z Ok dr(x)
k=—K

Idea : Taylor expand the training dynamics of the NN :

The so called Neural Tangent Kernel (NTK) regime [Jacot et al., 2018] :
u(x; 0x) = u(x; o) + Vou(x; 0o) " (0x — o) (4)
Result : Assuming Hess[£(6k)] and DHess[L(0x)] small enough :
0.1 = (I — nA) 60, + constant

Same exact results as in linear basis setting, with ¢(x) = Vyu(x; 6p)
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What about neural networks ?

K
So far the theory holds for the ansatz uy(x) = Z Ok dr(x)
k=—K

Idea : Taylor expand the training dynamics of the NN :

The so called Neural Tangent Kernel (NTK) regime [Jacot et al., 2018] :
u(x; 0x) = u(x; o) + Vou(x; 0o) " (0x — o) (4)
Result : Assuming Hess[£(6k)] and DHess[L(0x)] small enough :
0.1 = (I — nA) 60, + constant

Same exact results as in linear basis setting, with ¢(x) = Vyu(x; 6p)

m Assumption holds exactly when

m linear basis,

m neural network, when width grows unbounded (in the NTK regime),
m May not hold in practice. But yields insights into training difficulties,

35/43



What about neural networks ?

Operator Perspective

K / #(x)D*D(x) " dx) «— k(DD o T)

m T[f](x /f y)dy encodes the architecture,

m o(x) P(x) = V@U(X,@o)TVQU(X; o) is the NTK
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What about neural networks ?

Operator Perspective

( /Q S()DDo()Tdx) o K(DD o 7)

m T[f](x):= /f(y)QS(X)TqS(y)dy encodes the architecture,
m ¢(x) " d(x) = Vou(x; 00) " Vou(x; o) is the NTK

Spectrum of .7[f] decays very rapidly in Fourier [Basri et al., 2020] :

m for uniform data on hypersphere S971,
for residual ReLU networks, the NTK has :
m eigenfunctions = spherical harmonics

m eigenvalues decay polynomially with frequency k=9
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What about neural networks ?

Operator Perspective

( /Q S()DDo()Tdx) o K(DD o 7)

m T[f](x):= /f(y)QS(X)TqS(y)dy encodes the architecture,
m ¢(x) " d(x) = Vou(x; 00) " Vou(x; o) is the NTK

Spectrum of .7[f] decays very rapidly in Fourier [Basri et al., 2020] :

m for uniform data on hypersphere S971,
for residual ReLU networks, the NTK has :

m eigenfunctions = spherical harmonics

m eigenvalues decay polynomially with frequency k=9

In contrast with regression, convergence given by x(.7)
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Preconditioning to improve training

General idea : choose model vy (and hence .77) such that

T ~(D*D)"' and hence K(D*Do T)~1
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Revisiting Tricks and Techniques to get it to work

Curriculum Learning,

Domain decomposition, sequential learning,

Fourier Features,

Quasi-Second Order-like optimizers e.g. Adam, LBFGS
More techniques here : Wang et al. [2023]
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Curriculum Learning

« Regular training = Curiculum training

20 L0
- o7s
oso

2 0.25

@ 15, oo
10, 02

5 / -
0 40
Training duration t
(a) Curriculum (b) Regular training PINN solution (¢) Curriculum training PINN
regularization schematic Jor B =30 solution for B = 30

n K(A) ~ B
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Sequence to Sequence Learning
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(a) Regular PINN training (b) Seq t q e learning (model
trained every At)
x  Initial condition points x  Boundary points x  Collocation points

m Split [0, T] into N subintervals leads to x(A) ~ 5%/N?
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Second-order optimizers

Newton's method is given by

O+1 = O — nHess[L(0x)] ™" Vo L(0k)

For linear models :
Hess[L(0k)] = A

Newton's method = gradient preconditioning using A

m but costly...
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Fourier Features [Tancik et al., 2020]

Recall the operator of interest is D*D o .77, J[f] = /f(y)k(-,y)dy.

Spectrum of 7 [f] decays very rapidly in Fourier [Basri et al., 2020].

Fourier features

First layer transforms coordinates x :

v(x) = [cos(b1x),sin(b1x),...,cos(byx),sin(byx)], bj ~N

In this case :

k(x,y) = VQUQ(X)TVQUQ(}/) =foh(x—y)

h(x) := Zcos(27rb}r(x -¥))

m in the 1 hidden layer case, .7 is a convolution with kernel h,
m adjusts frequencies based on P(b)
m similarity with Dirichlet kernel (if b; = j),
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To Conclude

m We have seen PINNs, with some tips and tricks

m PINNs have useful theoretical guarantees for quadrature +
approximation errors,

Training error is usually the hardest to minimize,
Training problem severly ill-conditioned,
Preconditioning PINNs ?

No general recipe? it is PDE dependant. Leverage tools from
numerical analysis?
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To Conclude

m We have seen PINNs, with some tips and tricks

m PINNs have useful theoretical guarantees for quadrature +
approximation errors,

Training error is usually the hardest to minimize,
Training problem severly ill-conditioned,
Preconditioning PINNs ?

No general recipe? it is PDE dependant. Leverage tools from
numerical analysis?

e Deep learning is somewhat magical, learning problem highly non-convex.
Doesn’'t mean that deep learning can solve any non-convex problem !

e Interesting results in high dimensions.
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Analysis of GD

We want to analyse GD :

0k+1 = 9k - T]V@L(Gk)

By Taylor’s theorem it holds that

u(x; 0x) = u(x; 00) + Vou(x; 0o) " (O — o) + €k

To do : prove formula for GD s.t. 2nd order term can be neglected

In the following : assume that D is linear
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Analysis of GD

Define ¢;(x) = Jg,u(x; ) and

= (Doi, D)) 12() + Mi, di)12(00)
B = (f - ®U607®¢>L2 ) + Mu — ug,, bi) 12(00)

then GD is given by
Okr1 = 0k — UVQL(Q;() = (/ — 77A)9k + U(AHO + B) + nék
where €, depends on H, and DH,. Now let

§k+1 = (I — T]A)ék + T)(Aéo + B)7 éo = 90

Lemma

If 7 small and A invertible then it holds for any k € N that,

_0 < f ; )
[0k — Okll2 < ?;Nfzﬂz/”}'” [Ai(A)]
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Analysis of GD

Sofar: 0, ~0, <« e ~0 <= Hi~0andDH;=~0
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Analysis of GD

Sofar: 0, ~0, <« e ~0 <= Hi~0andDH;=~0
Linear up : ¢, = 0 so 0, = 0,

Nonlinear vy :

approx. linearity <= approx. constancy of (neural) tangent kernel,

o T
Ofup](x,y) := Vous(x)  Vous(y)
Liu, Zhu, Belkin (2020). On the linearity of large non-linear models : when and why the tangent kernel is constant.

NTK limit :

If network wide enough then ©[ug,] and ©[Dup,]| approximately constant
for linear D

Wang, Yu, Perdikaris (2022). When and why PINNs fail to train : A neural tangent kernel perspective.
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Choosing A in L(6) = R(0) + AB(6)
Ideally : choose A to attain mAin K(A(N))

Existing approaches :

m Choose A based on VyR(6) and VyB(6)
Wang, Teng, Perdikaris (2021). Undk ling and Mitigating Gradi

m Choose A\ based on NTK PINN matrix

Wang, Yu, Perdikaris (2022). When and why PINNs fail to train :

Flow Pathol. in PINNs.

A neural tangent kernel perspective.
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Figure 5 — Left : optimal X vs. K. Right : k(A()\)) vs. K and \.
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Choosing A in L(6) = R(0) + AB(6)

Condition Number vs A for Different N© of Fourier Features

Without Preconditioning With Preconditioning
100 o] —_ 108
§ 4 —_—2 /
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Figure 6 — Sensitivity of condition number on \ for different model sizes K.
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Preconditioning linear models

2

d
Example (Poisson + Dirichlet BC) : 1D with D = 22 on (=m,m)
X

K
Model : uy(x) = Z Okdr(x), with for 1 < k < K,
k=—K
do(x) = \/%, ¢_i(x) = J=cos(kx), Pr(x) = ﬁ sin(kx)

Resulting matrix :
AN) =D+ v’

with D diagonal with Dy = k* and v = ¢()

Preconditioning : set Py = 1/k? for k # 0 and Pog = v € R
A\, 7) =PDPT 4 APv(Pv) "
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Preconditioning linear models

Preconditioned linear model : 8o (x Z 2¢k
k0

The following statements hold for every model size K € N :

Condition number of unpreconditioned matrix satisfies
k(A(N)) > K*

B There is a constant C(},7) > 0 (independent of K)) with
K(A(A7) < C.
It holds that k(A(27/72,7)) = 1+ O(1/~) and hence

lim &(A(27/~2,7)) = 1.

Y——+o00
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Linear advection equation with neural network

Gradient preconditioning : 9Ak+1 =0, — n(A+ eId)_IV(;L(HAk)

Exact solution for 8 = 30

02 6

0.4 0
Time

Figure 7 — Comparison of the solutions for the shallow MLP in the advection
problem using preconditioned SGD and Adam with g = 30.
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Preconditioning neural networks

Theory suggest two approaches :

Change NN architecture / initialization / loss / ...

m Let u be NN, ® FF and & preconditioned FF
m |dea : replace uo ® with uo ®

m Change initialization
[

Precondition gradient in GD

ék+1 = é\k — UPPTVQL(GA/() = ék — nA_IVQL(HAk)

m e.g. energy natural gradient descent
m difficult in practice
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Preconditioning to improve training

General idea : choose model vy (and hence .77) such that
T ~A' and hence k(Ao .T)~1

If A has eigenvectors 1, and eigenvalues wy then ideally T, = w%wk

Two equivalent ways to do this
mSetd: =P =TT forwhich s(Ao TT*)=r(A),
A=PTAP
m Preconditioning the gradient :

i1 = Pliy1 = PO — nPPT Vo L(POy) = i — nPP " Vo L(6))
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